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Abstract— Coupling between microstrip resonators decreases
very slowly as a function of the resonator separation. Therefore,
it is difficult to realize narrowband filters (e.g. <0.1% fractional
bandwidth) in reasonably sized microstrip form due to the very
weak coupling values required. In this paper, we report a class of
lumped-element filters that uses capacitively-loaded inductors to
give frequency-dependent inductance values. A novel frequency-
transformation technique is used in the design process. Using
this approach, filter bandwidth is determined by the inductance
slope of frequency-dependent inductors, %. Large coupling ca-
pacitance, thus small coupling element separations, can still be
used in narrowband microstrip filters to keep the filter layout
compact. We present a 5-pole, 0.27% bandwidth YBa;CusO-
high-temperature superconducting thin film microstrip prototype
filter at 900 MHz, which has 1.2 dB insertion loss and 20 dB
return loss. It was designed with the coupling capacitors of a
1% bandwidth filter, and then transformed to a 0.27 % fractional
bandwidth using an appropriate inductance slope parameter, %.
Measurement showed good agreement with theory.

I. INTRODUCTION

LANAR FILTERS using high-temperature superconduct-
ing thin films have been shown to provide very small
insertion loss and superior shape factors [1]-[21]. Unloaded
Q-factors of the order of 40,000 have been demonstrated in a
microstrip configuration [12]. With such a high Q, microstrip
narrowband filters with low insertion loss become possible.
In narrowband microstrip filter designs, the requisite weak
coupling is always a challenge. For example, it is hard to
realize a very narrowband filter (e.g., <0.1% bandwidth) in
the convenient microstrip configuration using conventional
coupling schemes due to the slow decay of the coupling as
a function of the resonator element separation. To realize
the weak coupling required by a narrowband filter, resonator
elements in the filter have to be kept very far apart. This
requires either a large circuit size or an elaborate package. In
those cases, cavity type filters, which are usually quite large
in size, or the stripline configuration, which is usually hard to
package, often must be used. These approaches will inevitably
increase the final system complexity and the engineering cost.
In this paper, a novel approach to solve this weak cou-
pling problem in narrowband filter designs is introduced. In-
stead of using the conventional coupling approach, frequency-

Manuscript received March 10, 1995; revised July 10, 1995.
The authors are with Conductus, Inc., Sunnyvale, CA 94086 USA.
IEEE Log Number 9415449,

Cer L Ce2 L Cent1
1 || | L
| 1T 11
Caz T Cpi Caz_  __Cpo Catan__ %:Csz,m

Fig. 1. Topology of the lumped-element filter circuit.

dependent inductors in lumped-element filter circuits are used.
Design is accomplished by starting with a wideband conven-
tional filter architecture and applying a frequency transforma-
tion to the circuit. This method results in very narrowband
filters that other microstrip circuits can not realize, while still
using large coupling capacitance in the design to keep the
resonator sections close together in a compact form.

II. PRINCIPLE OF THE FREQUENCY
TRANSFORMATION TECHNIQUE

For simplicity, consider the lumped-element bandpass filter
circuit in Fig. 1. In this lumped-element filter circuit, all the
inductors are transformed to the same inductance value L. In
between adjacent inductors, a w-capacitor network is inserted.
Similar 7-capacitor networks are also used at the input and
output to match the appropriate circuit impedance. For an
n-pole bandpass filter, there are n identical inductors and n+ 1
different w-capacitor networks.

In each w-capacitor network, the series capacitor, C.,,, s the
coupling capacitor between adjacent resonators. Narrowband
filters always have very weak coupling between resonators,
and require very small values of the coupling capacitors, C.. ,.
In microstrip realizations of this circuit, small C, , values mean
larger resonator separations, that are often difficult to realize
due to the limited wafer size.

In this paper, we describe a frequency transformation
method to solve this weak coupling problem in the microstrip
configuration. Instead of using a pure inductor, we introduce
a frequency-dependent inductor, L(w), in replacement of the
pure inductor. We show that we can realize very narrowband
filters without using small coupling capacitance, C,,. The
inductor slope parameter, %, will control the bandwidth
of the filter. Large coupling capacitance, C.,, from the
relatively wideband filter circuit prototype, can still be used
in narrowband filters.
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As is shown in the Appendix (AS8), the real filter fractional
bandwidth, after using the frequency transformation technique,
will be

Aw 1 Awg M
- wq AL’ (w
Wo o 1+ g, wo

where wq is the filter center frequency, Awy is the filter
bandwidth in the circuit prototype, and L’(w) is the frequency-
dependent inductance, with L'(wp) = L. From this bandwidth
transformation relationship, it can be seen that to achieve a
narrowband filter, we can actually design a broader bandwidth
circuit prototype filter with easily realizable large coupling ca-
pacitance, C; ;, and then choose an appropriate inductor slope
parameter, %, to achieve the narrowband filter performance.

It is also shown in the Appendix that after the frequency
transformation, the bandwidth of the filter is transformed
to either narrower or broader bandwidths, depending on the
positive or negative inductor slope parameter, ‘j—ﬁ, while the
filter response function, S21, is still conserved. This means that
a Chebyshev filter design will still conserve the Chebyshev
response after bandwidth transformation, a feature that is
critical for its applications in various situations of different
bandwidths and center frequencies.

1. AN EXAMPLE CIRCUIT USING THE
FREQUENCY TRANSFORMATION TECHNIQUE

To demonstrate the above frequency transformation concept,
consider the following example circuit. The specifications of
the desired filter are: center frequency fy = 900 MHz, 5 poles,
fractional bandwidth w = 0.28%, passband ripple L, = 0.05
dB.

If Chebyshev response is considered, this filter will require
a weakest coupling of —51.1 dB. The coupling capacitance of
this —51.1 dB coupling from the circuit prototype in Fig. 1
is too small to reach in microstrip configuration due to poor
isolation between resonators in the microstrip configuration.
The filter resonator elements would have to be placed very
far apart to achieve this weak coupling level. (For an even
narrower bandwidth such as 0.05%, the coupling required is
only —66.1 dB. It is impossible to build this 0.05% filter using
the conventional coupling scheme, especially with the presence
of nonadjacent resonator coupling in microstrip configuration.)

If a similar filter is considered with exactly the same
specifications, except that the fractional bandwidth is now
1% instead of 0.28%, then this filter will require a weakest
coupling of —40 dB. The coupling capacitance of this —40
dB coupling from the circuit prototype in Fig. 1 is easily
realizable in microstrip configuration. Starting with this 1%
filter design using the topology shown in Fig. 1, followed by
the substitution of a frequency dependent inductor L'(w) in
the designed circuit, we can easily get a new filter which has
a bandwidth of 0.28%. The calculated transmission responses
of the 1% bandwidth filter and 0.28% bandwidth transformed
filter are shown in Fig. 2(a). Also shown, in Fig. 2(b), are
the return loss responses of the filter before and after the
frequency transformation, with an inductance slope parameter
value %Iwo =k = 9.085 x 1071°/Hz, and L'(wg) =
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Fig. 2. (a) Calculated transmission loss response from the original 1%

bandwidth filter and that of the 0.28% bandwidth filter after frequency
transformation. (b) Calculated return loss response from the original 1%
bandwidth filter and that of the 0.28% bandwidth filter after frequency
transformation.

1.752 x 1072 H. From these response curves, we can clearly
see that the Chebyshev approximation is still conserved, while
the bandwidth of the filter is reduced from 1% to 0.28%, which
is the value calculated from the bandwidth transformation
equation using the k and L values provided, through the
frequency transformation. The realization of this frequency-
dependent inductor will be discussed in the next section.

The deviation of the transmission responses between this
0.28% transformed filter in the w’ domain and that of the
original 1% filter in the w domain (see Appendix for w and
w’ definition) is calculated and plotted in Fig. 3. Within the
passband, the maximum deviation from the original Chebyshev
function is less than 0.02 dB, while that outside of the passband
is less than 0.2 dB at a 40 dB rejection frequency. These
numbers show that the Chebyshev function is well preserved
even after over a 3-fold reduction in bandwidth.
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Fig. 3. Deviation 1n dB from the Chebyshev responses between the 0.28%

bandwidth filter in the w’ domain and that of 1% bandwidth filter in the w
domain,

IV. REALIZATION OF THE
FREQUENCY-DEPENDENT INDUCTORS

The key for the frequency transformation technique de-
scribed above is the slope of the inductance as a function
of frequency. In the conventional transmission line realization
of inductors, the inductance slope parameter, k, has a negative
value because of the parasitic capacitance to ground. Thus,
the bandwidth of the lumped-element filters designed using
the conventional transmission line approximation of inductors
will always have a broader bandwidth than the original circuit
prototype. (This phenomenon was reported from measurement
in [17].) In order to achieve positive k& values, which gives
bandwidth transformation to the narrower side, other L'(w)
mechanisms have to be introduced in the circuit.

One simple realization of L'(w) with a positive % is a single
capacitor C in parallel with an inductor Lo. From the resultant
impedance Z.q

1
= iwC
Zoq ko 7Y
Zoq = jwl
we can calculate the equivalent inductance below wqy = ﬁ
as
Lo
=—"T—— 2
1-— sz()O ( )

where L is the inductance of the inductor itself and C is the
capacitance of the capacitor in parallel with the inductor. The
slope parameter

_dL(w)
 dw

2(/.)0[4(2)0

k =
(1 — w2Lo0)?

3

wo

has a positive value. This parallel L-C component can be
easily realized using a half-loop of inductor in parallel with
an interdigital capacitor as in Fig. 4.
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Fig. 4. Layout of a microstrip realization of a frequency-dependent inductor
using an interdigital capacitor in parallel with a half-loop inductor.

It should be pointed out that it should be possible to
synthesize the filter circuit itself with this parallel L-C in
replacement of the original L in Fig. 1. But since this paper is
focused on the inductance slope parameter, plus there are many
other ways to achieve this frequency-dependent inductance,
this L-C circuit synthesis will not be discussed in detail
in this paper. It is also understood that the interdigitated
capacitor in Fig. 4 has some parasitic series inductance. Since
we are considering the total frequency-dependent inductance
of this L-C' unit, which is modeled by an electromagnetic field
simulator, those parasitic effects should have been considered
already.

V. MEASUREMENT ON A 0.3%
BANDWIDTH PROTOTYPE FILTER

In this section, we demonstrate the validity of the frequency
transformation technique by experimentally constructing a
narrowband filter. To demonstrate the concept, we first report
a 2-pole, 0.3% bandwidth bandpass filter at 900 MHz in
microstrip form using superconducting niobium, and then
show a measured response of a 5-pole, 0.27% bandwidth filter
at 900 MHz using YBayCu3O; high-temperature supercon-
ducting thin film.

The prototype filter is built as follows: First, a relatively
broadband filter circuit prototype (realizable coupling ca-
pacitors) is chosen with 1% bandwidth. The inductor and
capacitor values are obtained for this 1% bandwidth filter.
Second, for the desired bandwidth of 0.3%, the inductor
slope parameter required is calculated from the bandwidth
transformation equation

Aw _ !

- dL!
wo 1+ 52 df)w) o

AUJQ

wo‘

Third, the inductance slope parameter is realized from the
equation L' = ﬁLzoLOE using the approach in the above
section, and the parallel capacitance is obtained. Fourth, by
realizing all the individual values of the inductors and capac-
itors, we will have a 0.3% bandwidth filter, while still using
the more easily achievable large coupling capacitance from
the 1% bandwidth filter circuit prototype. Fig. 5 shows the
layout of a 2-pole 0.3% bandwidth filter, and Fig. 6 shows
the measured 0.3% bandwidth filter response, as well as the
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Fig. 5. Layout of a 2-pole, 0.3% bandwidth filter realized on microstrip using

the frequency transformation technique.
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Fig. 6. Measured transmission response of the 2-pole 0.3% bandwidth filter
using a Nb superconducting microstrip structure, as well as that calculated
for the 1% bandwidth filter circuit prototype and a full-wave electromagnetic
simulation result.

1% bandwidth circuit prototype response and the 0.3% band-
width simulation response from a full-wave electromagnetic
simulator. This clearly demonstrates that the filter bandwidth
is truly transformed from the 1% circuit prototype to the 0.3%
desired bandwidth.

To show the usefulness of this frequency transformation
technique in real filter applications, we built a 5-pole bandpass
filter at 900 MHz with 0.27% bandwidth using double-sided
YBa;Cu307 high-temperature superconducting thin films on
LaALOg substrate, operating at 77 K. The layout of the filter
is shown in Fig. 7. The measured response of this S-pole
0.27% filter is shown in Fig. 8. This filter was also designed
with coupling of a 1% bandwidth filter and then transformed
to 0.27% bandwidth using an appropriate inductance slope
parameter. Due to the dielectric constant variations across the
LaAlO; substrate (twinning effect), this filter response was
obtained with tuning.

VI. CONCLUSION

In conclusion, we have developed a new class of lumped-
element filters that uses capacitively-loaded inductors to form
frequency-dependent inductor values. A novel frequency rans-
formation technique is applied to transform the filter band-
width from the wideband circuit prototypes to narrowband
filters. Using this technique, equivalent weak couplings, and
therefore very narrowband filters, can be realized in a mi-
crostrip configuration. This frequency transformation method

3033

S P N

}-l—gu linch ————w=]

Fig. 7. Layout of a 5-pole, 0.27% bandwidth filter realized on microstrip
using the frequency transformation technique.
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Fig. 8. (a) Measured transmission response of the 5-pole, 0.27% band-
width filter using YBazCuzO7 high-temperature superconducting thin film
microstrip at 77 K. (b) An expanded view of the measured transmission
loss and return loss response of the 5-pole, 0.27% bandwidth filter using
YBa;Cu3zOr high-temperature superconducting thin film microstrip at 77 K.

was also verified in a S-pole 0.27% bandwidth prototype
filter design at 900 MHz fabricated using a YBayCu3O7
high-temperature superconducting thin film microstrip config-
uration. Measurement showed a 1.2 dB insertion loss and a
20 dB return loss.
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APPENDIX

The total transmission response of the circuit, S91, can be
calculated from the multiplication of the ABCD-matrix of each
individual element followed by the transformation of the total
ABCD-matrix to the scattering S-matrix.

Assuming the ABCD-matrix of each inductor element is
Ar, and those of the mw-capacitor networks are Ar;, as shown
in Fig. 1, where ¢ = 1,2,3,....n + 1, then we have

1 jwL
AL:(O ]u{ )
1 0 ‘/1 J_w%_ 1 0
wClyy \0 1" jwCa, 1
1

2,1
— 1 |— g chc 2
1 . (CeCg1,.+C 1092 +Cg1,,Cg2,.) Coi,e
Jw o 1+ F
(A2)

(AD)

A

where ¢ is the ith number of the w-capacitor networks, ¢ =
1,2,3,...,n + 1, C.; is the coupling capacitor, Cy1, and
Cyo,, are the grounding capacitors for the same ith 7-capacitor
network.

The total ABCD-matrix of the filter circuit is then

A= Aﬂ'lALAWQ cee Aﬂ'zALAﬂ-,L-{—l v An,nALAﬂ,n-{-l
_fa b
“\e d)°

It is clear that the ABCD-matrix of a one-pole filter is
by
_ (T
Ay = Ap Ap Ay = (J.m ] )

Cyo1 Cy2.2
1 J 14 =322
( " Cc1>+( T Cen Ce2
(Cq1,2Cc2 + Cq1,2Cg2.2 + Cc2Cy2.2)
Cc,lcc,z

X [1=(Ceq+ ng,l)Lw2]
(1 + Cyi. 2)[_1 + (Cc,l + Cg2,1)Lw2] (1 + Cg2, 1)

(A3)

(A3a)

+

by = -
! Oc.l C’c 2
(Cg1,1Cc1 + Cg1,1042,1 + Co1Cg2,1) (1 + S Cy2, 2)
‘= Cc 1
(Cgl 9Ce2 4+ Cg1,2Cg2.2 + Cc 2042 2)
‘Jc 2
Co11
1:1 + Oc 1
(Cgl,lcc,l + C‘gl,lcvg2,1 + Cc,lcg2,l)L 2}
b W
Cc,l
dy = (Cg1,1Cc1 + Cg1,1Cg21 + Cc1Cy21) (14 Cy1,2
C’c,l(Jc,2 Cc,2
Cy1,1
X 1 gl
l: + Cc,l
(Cg1,1Cc1 +Cg1,1C21 + Cc,10g2,l)L 2}
— 18y .
Cc,l
The ABCD-matrix of a two-pole filter is Ay = A1 AL A3 =

Aj Arc, which is the product of the one-pole ABCD-matrix
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and the ABCD-matrix of an inductor and a w-capacitors, Arc.
The latter can be expressed as

jbrc
Arc = ArAgm ={ ¢ A3b
Lc LAR3 <jwch Ao (A3b)
Cgo.3
-1 g2,
arc + —0673
 (C1,3Cc3 + Cg1.3C2,3 + Ce,3C42,3) Lw
Oc,3
b _ [—1 + (Cgl,S + Cc,3)Lw2]
LC Cos
N (C41,3Ce,3 + Cg1,3Cq2,3 + Cc 3Cy2.3)
e Cus
Co1,3
dio =1+ ===
LC + = ch

Noting that a1,b1,c¢1,d1, and arc,bre,coe,drc are only
functions of Lw?, we can conclude that the final two-pole
ABCD-matrix, Ao, will also has the form of (A3a). Further
more, any i-pole filter ABCD-matrix can be expressed as the
product of that of the (i — 1)-pole and that of an inductor
and a w-capacitors, Apc. Cascading all the argument above,
we can show that the matrix elements, a, b, ¢, d, of the total
ABCD-matrix in (A3), will have the following symmetry

a = ag + a1(Lw?) 4+ ag(Lw?)? + -+ + a, (Lw?)"
1
b= j_w[bo + by (Lw?) + bo(Lw?)? + - - + by (Lw?)"]
(A4
¢ = jwleo + e (Lw?) + co(Lw?)? + -+ + cn(Lw?)"]
d = do 4 dy(Lw?) + do(Lw?)? 4 - - - + dp(Lw®)™.

Here all coefficients, a,, b, ¢,, d,, 4 = 0,1,2,3,...,n, are real
numbers and functions of capacitance only, while Luw? are
always linked together as a variable.

The S-matrix can be calculated from the above ABCD-
matrix. Assuming the input and output impedance is Z; and
Zg, the transmission response of the filter, Sa1, is then

2V Z1Zy

Soq =
2 Zoa+ b+ Z1Z9c+ Z1d

(A5)

where a and d are pure real numbers, while b and c are pute
imaginary.

From (A4) and (A35), we can see that if a frequency trans-
formation can be introduced, which keeps Lw? invariant, then
a and d, which contribute to the real part of the denominator
in Sy, will keep unchanged. Further more, if changes caused
by the frequency transformation due to the jw part in b and
¢ are small enough (which is exactly equal to zero at the
filter passband center, wp), then the imaginary part of the
denominator in So; will keep invariant too. So finally, the
whole transmission response Sa; will keep unchanged after
the frequency transformation. The invariance of the imaginary
part of the denominator in So; will be discussed in the later
part of this section.
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The purpose of the frequency transformation is basically to
introduce a frequency dependent inductance L'(w) to replace
the original inductance L. L'(w) is chosen to have the same
value as L at the filter passband center, L'{wg) = L. The
invariance of the Sg1 to the transformation will simply couple
the slope of L to the scaling of the frequency w. So finally the
bandwidth of the filter will either shrink due to the positive
slope in L'{w), or expand due to the negative slope in L' (w).
This kind of bandwidth transformation is very useful especially
for ultra-narrow-band filters (e.g. 0.05%) for superconductor
applications, where the circuit ) of the superconducting
microstrip circuit is over 40,000 while the difficulties in
achieving weak (e.g., —60 dB) coupling capacitance prevents
the realization of the ultra-narrow-band filters.

To conduct such a transformation, we define another fre-
quency domain, «’, so that

L (w)w? = Lw™ (A6)
or
W = L/é“’)w. (A7)

According to the argument above, the transformation equation
(A7) will guarantee the invariance of the filter response
function, Ss1, in W' scale, compared to the original response
function in w scale before the transformation.

To calculate the filter real bandwidth after transformation,
we take the derivative of (A7), which yields

L'{w)
L

’_ w \_
dw —d( Tw) =

_ L(w) w L dL{(w)

= {\/ L T\ T dw

Using L'(wg) = L, we have the bandwidth relationship as

/
#dw+wd<

dw.

wo dL'(w)

A = |1+ = Aw

@wo

where Aw’ is the bandwidth in «’ domain, which is also the
original filter bandwidth, Awyg, before the transformation due
to the invariance of the response function, while Aw is the new
real bandwidth after the transformation. Thus we can calculate
the new bandwidth after the transformation as

1 A
Aw _ - “o. (A8)
wy 14 _‘é-’_% di“’) v wo

Equation (A8) shows thatlthe filter bandwidth is transformed
by a factor of [1 + %%"l wo]—l.

To prove that the change in jw term in b and ¢ due to the
frequency transformation is small enough to be neglected, we

define

B = [bg + b1 (Lw?) + ba(Lw?)? + -+ + bp(Lw®)™]
C = [co + c1(Lw?) + co(Lw?)? + -+ - + cn(Lw?)"].
(A9)
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So we have
_ 1 _ (W) 1 /
. L . / ’
¢ = jwC(w) = A / L’(w)jw C(wh. (A10)

In narrow-band approximation, L'(w) takes the form L'(w) =
L1 + k(w — wp)], where k is the slope coefficient which is
very small, |k(w — wp)| < 1. Thus we have

b [1 + —’zf(w _ wo)] %B(u)

cr {1 - g(w - wo)]jw’C’(w’). (Al1)

Then the imaginary part in fhe denominator of equation (AS) is

b(CU) + Z1Z2C(w) = |:1 + g(w - wo)] L,B(w’)

jw
+ 217, [1 - g(w - wo)] Jjw'C(W")

1
= J—JB(w') + Z1Z2j0'C(W')

k
+5(w —wo)
1

X ’

7 (W) — Zlew’C(w')}

= b(w') + Z1Z2c(w') + g(w — wp)

X —jlvB(w’) - Zlew'C(w')]

=~ b(w') + Z1Z26(w/).
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